Abstract. The toric ring together with the toric ideal arising from a nested configuration is discussed. Especially, the algebraic study of normality of the toric ring as well as of Gröbner bases of the toric ideal will be done in detail. In addition, as one of the combinatorial applications of our algebraic theory, toric ideals of multiples of the Birkhoff polytope will be investigated.
Introduction
Toric rings and toric ideals are established research objects in combinatorial and computational aspects of commutative algebra. In [1] , from a viewpoint of algebraic statistics, the concept of nested configurations is introduced. In the present paper, the toric ring together with the toric ideal arising from a nested configuration will be studied in detail.
Let 
= M for all M ∈ A. It is known (e.g., [7, Section 4] ) that the toric ideal I A is generated by those homogeneous binomials u − v, where u and v are monomials of K[X], with π(u) = π(v). Now, let A = {t a 1 , . . . , t an } be a configuration of K[t] with the properties that deg t a j = r for each 1 ≤ j ≤ n and that, for each 1 ≤ i ≤ d, there is 1 ≤ j ≤ n such that t a j is divided by t i . Assume that, for each 1 ≤ i ≤ d, a configuration B i = {m In the present paper, first of all, in Section 1, we study normality of the toric ring arising from a nested configuration. It is natural to ask if each of the toric rings Finally, in Section 3, as one of the combinatorial applications of our algebraic theory of nested configurations, we discuss the toric ideal of a multiple of the Birkhoff polytope B 3 . It seems to be known that the toric ideal of the multiple 2n B 3 possesses a quadratic Gröbner basis for each n > 1. We will prove that the toric ideal of the multiple nB 3 possesses a quadratic Gröbner basis for each n > 1. See Theorem 3.4. We conclude this paper with Section 4, which is a summary of our algebraic theory of nested configurations.
Normality of toric rings of nested configurations
Let A be a configuration of a polynomial ring
Suppose that the degree of each monomial of A is r and that, for each i, there exists a monomial in A which is divided by
with µ i variables. The nested configuration arising from A and B 1 , ..., B d is the configuration 
and this is a contradiction. Proof. For each i = 1, 2, . . . , d, let σ i be an arbitrary monomial of B i which corresponds to a vertex of
Since every combinatorial pure subring of a normal (resp. very ample) semigroup ring is normal (resp. very ample), we have the following. 
, let σ i be an arbitrary monomial of B i which corresponds to a vertex of 
Gröbner bases of toric ideals of nested configurations
In this section, we study Gröbner bases of the toric ideal of a nested configuration. Let, as before, A = {t a 1 , . . . , t an } and B i = {m
be a polynomial ring with the set of variables
) be polynomial rings. The toric ideal I A is the kernel of the homomorphism π 0 :
with respect to the ordering
is a monomial belonging to K[x] and, in particular, we have
On the other hand, by virtue of (i
where sort(
as desired.
Fix a monomial order
is a standard monomial with respect to G j for all 1 ≤ j ≤ d. In order to study the relation among I A , I B i and I A(B 1 ,...,B d ) , we define homomorphisms
where m
jr is the standard expression defined above.
. Then the following conditions are equivalent: 
where
) with respect to the or-
where (2) and (3) 
The initial monomial of each binomial is the first (underlined) monomial and, in particular, the initial monomial of each binomial in
otherwise. Hence the number of binomials in (1) appearing in the sequence is finite. Thus we may assume that the binomials in (1) do not appear in the sequence. Let v be a monomial in K[x] and assume v g −→ v ′ where g ∈ G belongs to either (2) or (3). Since g belongs to either (2) 
where equality holds if and only if g belongs to (2) . Hence the number of binomials in (3) appearing in the sequence is finite. Thus we may assume that the binomials in (3) do not appear in the sequence. However, any sequence of reductions modulo the set of binomials in (2) corresponds to the sort of the indices and hence it terminates. This is a contradiction. I A(B 1 ,...,B d ) .
Claim 2. The set G is a Gröbner basis of
Suppose that G is not a 
This contradicts that neither p 1 nor p 2 is divided by the initial monomial of any binomial in (1). Hence we have ϕ 0 (p 1 ) = ϕ 0 (p 2 ). Thus f is of the form
Since neither p 1 nor p 2 is divided by the initial monomial of any binomial in either (2) or (3), it follows that p 1 = p 2 and hence f = 0.
General case.
We now study the general case. 
where the binomial
The initial monomial of each binomial is the first (underlined) monomial and, in particular, the initial monomial of each binomial above is squarefree (resp. quadratic) if the corresponding monomial
is squarefree (resp. quadratic).
Proof. Let G denote the set of binomials above. 
Hence the number of binomials in (4) appearing in the sequence is finite. Thus we may assume that the binomials in (4) do not appear in the sequence. However, as we
The binomials of type (a) are not always needed for a minimal Gröbner basis even if G i has a cubic binomial. In such a case, I A(B 1 ,...,B d ) may have a quadratic Gröbner basis. In Section 3, we will show an example.
2.3.
Generators. Thanks to a part of the argument in Proof of Theorem 2.5, we have the following. 
where sort((
belongs to H i .
Toric ideals of multiples of the Birkhoff polytope
≥0 be vectors with c 1 + c 2 + c 3 = r 1 + r 2 + r 3 . Then 3 × 3 transportation polytope T rc is the set of all non-negative 3 × 3 matrices A = (a ij ) satisfying The following is proved by Haase-Paffenholz [2] :
• The toric ideal of 3 × 3 transportation polytope is generated by quadratic binomials except for B 3 .
• The toric ideal of 3×3 transportation polytope possesses a quadratic squarefree initial ideal if it is not a multiple of B 3 . Thus, it is natural to ask whether the toric ideal of a multiple of B 3 possesses a quadratic Gröbner basis except for B 3 . The following fact is due to Birkhoff:
• Every non-negative integer p × p matrix with equal row and column sums can be written as a sum of permutation matrices. Thus, in order to study the toric ideal of n multiple of B 3 , we consider the following: 
, where sort(
. Since the Gröbner basis in Example 3.2 is not quadratic, we have to consider another monomial order to find a quadratic Gröbner basis.
Remark 3.3. In [2] , they say that L. Piechnik and C. Haase proved that the toric ideal of the multiple 2nB 3 possesses a squarefree quadratic initial ideal for n > 1. This fact is directly obtained by Theorem 2.5 since the toric ideal of the multiple 2B 3 possesses a squarefree quadratic initial ideal. Similarly, since the toric ideal of the multiple 3B 3 possesses a squarefree quadratic initial ideal, Theorem 2.5 guarantees that the toric ideal of the multiple 3nB 3 possesses a squarefree quadratic initial ideal for n > 1.
Then, I A(B 1 ) has a quadratic Gröbner basis consisting of the following binomials:
and j 
Claim 1.
There exists a monomial order such that the initial monomial of each binomial in G is the underlined monomial.
By virtue of [7, Theorem 3.12] , it is enough to show that the reduction modulo G is Noetherian. Suppose that there exists a sequence of reductions modulo G which does not terminate. Let v be a monomial in K[x] and assume v g −→ v ′ with g ∈ G. Then we have
Hence the number of binomials in (i) appearing in the sequence is finite. Thus we may assume that the binomials in (i) do not appear in the sequence. In the sequence of reductions modulo binomials in (ii), the number of 1's in the indices is "averaged." Hence, we may assume that 1's in the indices is stable. Then, since the inversion number is strictly decrease in the sequence of reductions modulo binomials in (ii), the sequence is finite.
Claim 2. The set G is a Gröbner basis of I A(B 1 ) . Suppose that G is not a Gröbner basis of I A(B 1 ) . Then there exists a binomial g = p 1 − p 2 ∈ I A(B 1 ) such that neither p 1 nor p 2 is divided by the initial monomial of any binomial in G.
We may assume that pr ξ=1 z i ξ is divided by z 1 z 2 z 3 . Since p 1 is not divided by the initial monomial of any binomial in (i), p 1 is divided by a cubic monomial x 1M 1 x 2M 2 x 3M 3 where 2, 3 / ∈ M 1 , 1, 3 / ∈ M 2 and 1, 2 / ∈ M 3 . Note that M i = ∅ by n > 1. Since p 1 is not divided by the initial monomial of any binomial in (ii), the number of 1's in iM i is differ by at most one. Since 1 appears in neither 2M 2 nor 3M 3 , we have 1 / ∈ M 1 . Thus M 1 ⊂ {4, 5, 6}. Then p 1 is divided by the initial monomial of the binomial g = x 1M 1 x 2M 2 − x 12M ′ 
Observation
Finally, we conclude this paper with a summary of our algebraic theory of nested configurations. For a configuration A, let G < denote the reduced Gröbner basis of I A with respect to a monomial order <. Let Let X denote the one of the following algebraic properties:
(1) The toric ring is normal; (2) The toric ideal has a squarefree initial ideal; (3) The toric ideal has a quadratic initial ideal; (4) The toric ideal has a squarefree quadratic initial ideal; (5) The toric ideal has an initial ideal of degree ≤ n; (6) The toric ideal is generated by quadratic binomials; (7) The toric ideal is generated by binomials of degree ≤ n. A(B 1 , . . . , B d ) has the property X.
On the other hand, we may define the nested ideals arising from A, B 1 , . . . , B d in the obvious way. Let A denote the ideal generated by monomials belonging to A. We can ask, for example, Question 4.1. Suppose that each of the monomial ideals A , B 1 , . . . , B d is componentwise linear ( [3] ). Then is the monomial ideal A(B 1 , . . . , B d ) componentwise linear?
